A correction for the unavoidable truncation of line profiles and an improved correction for the inherent curvature of the variance-range function are discussed. An analytical procedure for making the corrections is proposed and applied to theoretical and practical small-crystallite line profiles. An alternative procedure for obtaining the integrated intensity, and hence the integral breadth, and the variance (Fourier) apparent size is also presented.
Introduction
The use of variance as a measure of the breadth of powder diffraction lines, proposed by Tournarie (1956) and developed by Wilson (e.g. 1962b) , is a powerful method for investigating crystal imperfections. The main features of the technique have been reviewed by Klug & Alexander (1974) , who also discuss a wide range of applications and compare the variance with other measures of breadth. However, the full potential of the method is only realized if attention is paid to the systematic collection, processing and interpretation of data. In particular, serious errors can be introduced at the data-processing stage which profoundly influence the magnitude of any derived parameters. Corrections to be applied to experimental variances have been discussed by several authors and their work is reviewed below. Additionally, a new truncation correction and an improved correction for curvature of the variance-range function are introduced, and an analytical procedure for applying the corrections is proposed.
Two theoretical examples and a practical case are considered for line profiles which arise from small crystallites. In general this broadening may be caused by the actual dimensions of the crystallites or subgrains, or by the mean distance between various types of fault. The observed size may in fact be the harmonic mean of these quantities. The analysis also covers strain broadening, though this is not considered explicitly. Small strains only contribute to the intercept of the variance-range curve (Wilson, 1962b, p. 123) and the contribution is simply added to that from size broadening.
Truncation correction

Variance: first definition
The variance of a region +_a of a diffraction line, where a is measured from the centroid, is defined as (Wilson, 1962a) +a l(s)s2ds
where s is the distance from the corresponding reciprocal-lattice point and the denominator is the total intensity of the line, S.~. Line-broadening theory predicts that, to a first approximation, the intensity normally decreases as s -2 in the tails of a profile (Wilson, 1962b, p. 48) . This behaviour of I(s)is observed in the majority of practical cases (e.g. Szanto & Varga, 1969) and consequently the variation of the variance with a is closely linear in the tails of the profile, or w(a) = I4/o + ko-,
where W o and k are the intercept and slope of the linear region. A practical example is shown in Fig. 1 , where l(s)/I(O) [I(0)= peak intensity] is plotted as a function of s-2 for an experimental line, after removal of the background by the method of Langford & Wilson (1963) . The data are taken from the tails of the 103 line for a sample of zinc oxide produced by thermal decomposition of zinc hydroxynitrate, Zn3(OH)4(NO3) 2. Size effects are the dominant source of broadening and an accurate Fourier analysis of the line profile, together with TEM studies, showed that on average the shape of coherently-diffracting domains is a hexagonal prism (Auffredic, Ciosmak, Louer & Niepce, 1980) . Fig. 1 shows that, for this example, the plot is linear for ranges greater than about 1½ x the full width at half maximum intensity 0021-8898/82/030315-08501.00 ~() 1982 International Union of Crystallography (FWHM). The corresponding variance-range curve is given in Fig. 2 . The range is expressed in terms of the dimensionless variable ~p (= rest, where r is the height of the crystallites in the direction of the diffraction vector), so that a direct comparison can be made with theoretical variances. The variance also varies linearly over a wide range of O-, the range of linearity being denoted by a~ and O-2. The intensity decreases slowly at large values of s and in practice line profiles are necessarily truncated at some maximum range --+o-m,,x" Typically, for an intense line which appears to be well separated from its neighbours, truncation can remove about 5% of the integrated intensity. The experimental equivalent of (1), generally known as 'definition 1 of the variance' (Edwards & Langford, 1971) , is therefore +o"
where the denominator is the integrated intensity S~,,a ~ of the truncated region. The experimental variance will thus differ from the theoretical value by the factor S .... /S:,. If the error in the integrated intensity arising from truncation is AS(=S~-S .... ) and the experimental variance-range function is
then (Wo+kG)S~=(Wol +klo-)(S~-AS), (5) and the corrections to the intercept and slo)e are From Wilson (1965) and Edwards & Langford (1971) ,
for large values of O-m~x. Hence,
provided that the truncation does not exceed about 15%. Thus, the corrections for truncation, which are subtracted from the experimental intercept and slope to give the theoretical values, are
In the case of size broadening, the fractional error in the apparent size obtained from k, in the absence of a truncation correction, is approximately equal to the fraction of the integrated intensity which is removed by truncation. In the Fourier method, on the other hand, the error in the estimated size can be appreciably greater (Young, Gerdes & Wilson, 1967) .
It is worth noting that because of the approximate s -2 variation of intensity in the tails of a diffraction line, S~ varies linearly with - integrated intensity of the line-less-background is plotted as a function of the reciprocal of the range of truncation, then the intercept gives a reliable estimate of S:,, which can be used to calculate the integral breadth of the line. In this way a common source of error in the integral-breadth method can be avoided. Also, the slope is proportional to k and (7) gives an estimate of this parameter which is not affected by truncation. A similar result was obtained by Cheary & Grimes (1972) from the variation of So.maxGma x with O'ma x. Szfint6 & Varga (1969) also extracted the domain size directly from the s -2 variation of intensity. Equation (7) is plotted in Fig. 3 for theoretical line profiles arising from tetrahedral and spherical crystallites (Langford & Wilson, 1978) and for the 103 line of the ZnO sample. For convenience the profiles are again expressed in terms of the dimensionless quantity t#, and S .... is obtained from normalized intensities, l(s)/l(O). Equation (7) is clearly valid for a truncation of the integrated intensity in the range 0 to about 15% SGmax Ic.) and, for the theoretical curves, S.~ and k are within 0.3% of the true values (Table 1) .
Variance: second definition
Definition 1 of the variance (3) is the preferred measure of breadth in line-broadening analysis, as it can readily be interpreted in terms of specimen imperfections, provided that corrections have been made for truncation and curvature [see, for example, Wilson (1962b) , or Klug & Alexander (1974) ]. However, when there is partial overlapping of profile tails, or when a low peak-to-background ratio introduces an unacceptable statistical error in S.,, then definition 2 of the variance may be used (Langford & Wilson, 1963) . This is the true variance of a truncated region of a line profile, since the denominator of(l) is replaced by the integrated intensity S,~ in the range -t-a, or 
where (a)=½(a I +o-2)is the mean value of the range of a for which W2(a) varies linearly. These corrections are again subtracted from the experimental intercept and slope to give the true values.
Curvature correction
As noted previously, to a first approximation the variance is a linear function of a. However, Wilson (1969) has shown that there can be a slight residual curvature of the variance-range function and that in general the variance is given by
Omission of the hyperbolic and other inverse terms usually has little effect on the slope, but the error in the intercept can be appreciable (Edwards & Toman, 1970 ). If the variance-range function is approximated by a straight line over the range a~ to a2, then 
where q=oh/o" 2, so that the corrections obtained by the Edwards & Toman approximation are ~er =c(1 +q)/qry 2 "] and f (15) tier = -c/qa~. a2C~Er/C and --O2~/3Er/C are plotted as functions of q in Fig. 4 .
In practice it is customary to obtain the intercept and slope of the variance-range function by the method of least squares, so that a2 (~+/3o-ccr-1) 2 is a minimum. Equations (18) reduce to (15) for q = 1. The variation of f(q) and g(q) with q is given in Fig. 4 , where it can be seen that the approximate corrections of Edwards & Toman differ by a few per cent from the values given by (18) for o2 = 2al, but for a2 = 5a, the difference is between 30 and 40?/0.
The coefficient c of the hyperbolic term in (12) can in principle be obtained from theoretical considerations. For example, residual curvature often arises from small-crystallite broadening and in this case (from Wilson, 1969) -
where M R is the rotundity parameter (Mitra, 1964; Edwards & Toman, 1971) and p is the cube root of the crystallite volume. The dimensionless quantity (rcr)3c has the values given in Table 2 for the regular shapes considered by Langford & Wilson (1978) and also for cylindrical crystallites (Langford, Lou& & Wilson, 1980) . It is evident from the table that, for smallcrystallite broadening, the curvature correction can be positive, negative or zero, depending on the shape of the crystallites and the direction of the plane normal relative to their external form. A line profile from an imperfect specimen is the convolution of the broadening function with the instrumental profile and the overall curvature thus includes contributions from the constituent functions. The usual method for applying the curvature correction, introduced by Edwards & Toman (1971) , is to combine it with the correction for instrumental effects as outlined in the next section.
Table2. Coefficient of the hyperbolic term of the variance-range , ['unction (12) 
Corrections for instrumental broadening
If the broadened line h(s) is the convolution of a specimen-defect function f(s) and an instrumental function 9(s), then Wh, the variance of h(s), is approximately equal to the sum of the constituent variances, W¢ and I,V r However, Wilson (1970) has shown that, if residual curvature is taken into account, Woh and Ch of (12) include cross terms and that Woh= Wog + Wol-½rcZkgkl,
and Ca = c, + c I -3(W0~k ¢ + Wolk~).
W~(= Wo~+k~a)is normally obtained from a 'standard' sample with lines near those of the imperfect specimen and a similar absorption coefficient. Alternatively, the geometrical contribution can be calculated from the experimental conditions (Wilson, 1963) and added to the variance of the wavelength distribution (Edwards & Langford, 1971; Langford & Tapia, 1975) to give W,.
The combined correction to the intercept for nonadditivity (na) and curvature (cu) [Edwards & Toman, 1971, equations (5) and (13) where K r and Kk are the variance-intercept and variance-slope (Fourier) Scherrer constants (Langford & Wilson, 1978) . Curvature corrections to kg and k, are normally negligible, but if desired they can be calculated from (18) for ft. The intercept of the variance function for the imperfection profile is thus given by Wo1= Woh-Woe + W., +~u,
and its slope is
The curvature component of (24) clearly depends on the shape of the crystallites or domains. An indication of the 'average' shape can usually be obtained from the variation with hkl of the apparent size ~:k based on k I. In single-line analysis, or other applications in which direct information about the shape is not available, some assumption must be made concerning the form of the crystallites. For example, in a nickel powder with irregular, but highly angular crystallites, an assumed tetrahedral shape explains the observed variation of apparent size with hkl reasonably well (Langford, 1968) . In the absence of any other information this shape could perhaps be assumed initially in a single-line method. If the results then show that the crystallites have a different form, W n .... is modified accordingly to give a better estimate of I4/ol.
Corrections to experimental variances
The procedure for obtaining the intercept and slope of the defect-function variance is as follows: (a) Woh, k h and, if obtained from standard data, Wog and kg are corrected for truncation by means of (9) or (11), depending on whether definition 1 or 2 is used in the computation of the variance. It should be noted, however, that no truncation correction to the slope is necessary if kh and k~ are obtained from (7).
(b) k I is obtained from (26) after correcting k h and kg for curvature, if the correction is significant.
(c) The apparent crystallite or domain size, ek, is calculated from k/, preferably for several reflections. The 'average' crystallite or domain shape is then deduced from the variation of ek with hkl, or alternatively a plausible shape is assumed.
(d) Wol is then obtained from (24) and (25). Wol can then be interpreted in terms of size and strain in the usual way (Wilson, 1962b; Klug & Alexander, 1974) . It has been found convenient in practice to express Wh(o-) and Wg(o-) in terms of ). rather than s or 20, with units of (10 -13 m) 2 for the intercept and 10 -13 m for the slope, k, is then constant for a given wavelength and normally Wog does not vary appreciably over a wide range of 20. Then, if the same values of al and 0"2, again on a 2 scale, are used for all lines, Wn,+~u can be plotted as a function of k I for Toman (1971, Fig. 1 ). However, for the purpose of separating the strain and size contributions to the intercept, it is customary to express Wo r in terms of angular units through the equation
It should be noted that in the variance method it is not necessary to correct for overlap of the ~-:~2 components of the emission profile, if K:~ radiation is used. Indeed, since the variance depends critically on the variation of intensity in the tails of a profile. removal of the c~ 2 component by some analytical procedure could introduce an additional systematic error. However, there may be some merit in removing the ~2 line by means of a monochromator, thereby reducing the overlap of neighbouring peaks.
Application to theoretical profiles
An indication of the validity of the corrections and of the magnitude of the errors involved can be obtained from theoretical profiles for which the variance intercept and slope are known. The profile considered previously for tetrahedra and the profile for spheres were truncated at tp = 15, corresponding to ranges of 3.2 and 4.3 times the FWHM. The loss of integrated intensity is 6.4 and 3.2~ o, respectively. In the absence of any corrections for truncation and curvature, Ck will be in error by approximately the same amount. For the variances computed from (3) (definition 1) with the range in terms of ~, the corrections and the corrected variances are listed in Table 3 . The residual errors in e.j, and the intercept size e,. for tetrahedra are all less than 0"5~0, and the residual intercept for spheres, theoretically zero, is -0.014. The residual errors are mainly due to the oscillatory nature of I(s) for crystallites which have the same size and shape (Wilson, 1962b, p. 46 ). This effect has been observed for highly oriented domains in thin metallic films of uniform thickness (e.g. Croce, Devant, Gandais & Marraud, 1962) , but in the case of randomly oriented powder samples, with a distribution of crystallite size, the oscillations have different periods and only the s -2 variation of I(s) is observed in the profile tails.
Application to an experimental profile
As an example of the application of the above procedure to experimental data, the 103 line for the ZnO sample will be considered. The line profile exhibits small-crystallite broadening and its variancerange curve is given in Fig. 2 . The range is again expressed in terms of tp to enable a direct comparison to be made with the theoretical examples. I4"o~ and k~ were obtained from a "standard" sample of annealed ZnO in which the crystallites are "large'. An accurate estimate of kj, was obtained from (7) and Fig. 3 . from which kj = 0"597 _+ 0"003. It was also deduced from this curve that about 50,, of the integrated intensity was removed by truncation. For the purpose of making the curvature correction it was assumed that two adjacent edges and a generator of the hexagonal prisms coincide with the crystallographic axes. The intercept and slope arising from size effects are related through the equation
where Kk and K~. for hexagonal prisms, in different notation, are given by Lele & Anantharaman (1966, equations 22 and 23) .* From these equations, together with (28) above, the average edge height ratio of the prisms is estimated to be 0•160 and 14~jr is -0-515 +0-01_ 1. These values of I4', r and kj. are taken to be the "true" intercept and slope of the small-crystallite variance.
The experimental variances, determined in the usual way from Fig. 2 , are given in Table 4 and, if no corrections are made for truncation and curvature, c.. is in error by -13",, and ~:k by -3°o. The corrections and corrected variances are also listed in the table and the residual errors in ~:.. and ~:~ after correction are about -3 and + 1°,,. There is thus a marked reduction in the error in c.. but in this particular case the *These equations contain errors: the first two terms in 122) should be ~3po(2H+k), and pl 3 in (23) should be p ~ ~. correction to the slope is of the same order of magnitude as the experimental error in k I. Nevertheless, agreement with the 'true' values is good and the results confirm that the crystallites are in fact hexagonal prisms.
Summary
In addition to the usual correction for instrumental effects, the variance of a broadened line should be corrected for truncation of the integrated intensity and for residual curvature of the variance-range function. Truncation can in fact have a profound effect on all measures of breadth, with the exception of the FWHM. Langford (1978) discussed the effect of truncation on the integral breadth and Young, Gerdes & Wilson (1967) drew attention to the serious errors which can arise in the determination of crystallite size by means of the Fourier method. The error in the variance is equal to the fractional loss of integrated intensity (6) and the corrections to be applied to the experimental intercept and slope are given by (9) or (11), depending on whether definition 1 or 2 is used. An alternative method for obtaining k without the need for a formal calculation of the variance with an associated truncation correction is given by (7). This also yields a reliable estimate of S~, the total integrated intensity, which is required in the determination of the integral breadth. If the correct background has been removed, (7) is thus the basis of an important and easily applied method of line-broadening analysis, particularly in the case of size determination. [See also Cheary & Grimes (1972) and Szanto & Varga (1969) .]
Residual curvature normally has negligible effect on k, but can in general give rise to a significant contribution to Wo. In practice this means that in general a correction for curvature should be made in size-strain analyses based on the variance method, but it can usually be ignored if only the crystallite size is re-quired. The magnitude of the correction depends on the limits o-1 and o-2 of the linear region of the variance function and on the shape of the crystallites or domains. In practice it is convenient to combine the curvature and instrumental corrections (25).
After the data have been corrected, residual errors in the slope arising from truncation and curvature should be of the order of 1% and this is clearly a reliable measure of line broadening. In general, crystallites may be irregular, though on average their form may approximate to a simple geometrical shape, and there will be a distribution of size. These factors will introduce uncertainties in the curvature correction and hence in the variance intercept, but with careful analysis of the data, the residual error in Wos should not exceed a few per cent.
